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THE SOLUTIONS OF EQUATIONS OF GRAVITATIONAL FIELD FOR 
QUANTUM QUASI-EQUILIBRIUM COOLING DOWN GASES 

 
Danylchenko, Pavlo Ivanovich 

 
The quantum equation of gravitational field have been found, the solutions of which set the 

spatial distribution of gravitational radius of matter in its every new gravithermodynamic (GTD) 
state with the polynomial function with the next more high degree. The indicator of the degree of 
this function of continuously cooling down matter can successively take only integer and semi-
integer values. That is why the process of cooling down of the whole GTD-bonded matter is the 
quantum process that is caused by its spontaneous transition to the polynomial function with more 
high value of degree and, therefore, to the next quantum state. 

Keywords: gravithermodynamics, thermodynamics, GR, collective space-time microstate, 
Gibbs microstate, entropy, hidden variable, quantum cooling down gases. 

Due to the fact that the whole gravithermodynamically bonded matter forms the collective 
spatial-temporal microstates (Gibbs microstates) the spatial integration of equations of 
gravitational field has the physical sense only for the specific moment of intrinsic time of matter 
and only in the (inseparable from it) intrinsic space. Exactly the cardinal absence of the velocity 
of motion of matter in integrated equations makes the problem of relativistic invariance of 
thermodynamical parameters and potentials of matter non-actual. Since in quasiequilibrium 
cooling down clusters of homogenous gas the functions of time )( TRt  and of rigidly related to 
cooling down gas radial coordinate )( ρAr  ( 0/ == dtdrvr ) perform the time-like gas parameter 

)(/ rTpVRT const==  and the indicator of hierarchic complexity of gas )(// 2 tpVSTRSTA T const===ρ  
correspondingly, the spatial integration of equations of its gravithermodynamic state should be 
performed for the same value of parameter while the temporal integration should be performed 
for the same value of indicator of hierarchic complexity of any concrete microvolume of the gas. 

Given this, the gas cluster that is cooling down in quasi-equilibrium can be matched in general 
relativity (GR) to thermodynamic frame of references (FR) that corresponds to Schwarzschild 
parameters of equations of gravitational field. Since for quasi-equilibrium cooling down gases 
( 02/)(//)/( 2

0 =′+++ bbpcdrdpdrdSVT grµ  ( )(rRT const= ), then for them not only in GR, but also and in 
relativistic gravithermodynamics (RGTD) [1] we will have: 

)/}()1~/(]~/)1~()1~(~{[/)]1~(~/)1~~~(1[~2/~/)/(/)/( drdTTlkkmlvvlkmlkbbpdrdpRdrdS cvcvpVHT −+−+=′−−+−=′−=+ ββ . 

From here: )/ln()}1~(~/)]1~()1~(~~{[)/)ln(~2/~()/ln(/)( wwpVHwTw TTlkkmlkbbppRSS −+−+=−=+− ββ , 

pVpVlcrTpVHT ppUTRRS ββββ ~/~ln)/ln()/)ln(~/~(/ −−= , 

where: )/)exp(/()(~)(~
0000 TcrTTpV RSppRnR =β ; )()1~~~/()1~(~//~

00 rmlklkpUpV grpV const=−−=== µβ  

(according to Boyle-Mariotte law); )()1~~~/()1~~()ˆ/(~
0 rmlkmkUSSTST const=−−==β ; 

pVH UH ββ ~1/~
00 +== ,  pVcrl ncp βµ ~/~~ 2−=  is the limit value of density of the gravitational mass of gas; k~ , 

l~ , m~ , n~  are mathematical expectations of thermodynamic hidden variables [1]. 
Obviously, the clusters of quasiequilibrium cooling down gas ( 0=adU ) have also the spatial 

homogeneity of gravithermodynamic intrinsic value (eigenvalue) of Gibbs free energy ∗
00G  

(similarly to the spatial homogeneity of thermodynamic intrinsic value of enthalpy ∗
00H  of cooled 

down to the limit matter, as it was shown by Tolman [2]): 
)]/1(~1[)]ln(~~1[])[/()/( 00

~1~

0000 TpV
l

I
l

ITSpVmcradlclc RSUNfUTSpVUUcvGcvG −+=−+=−++== −∗ βββψ , 

where: )(rRT const= , , Immllc fcvcbv // 0ψ=Γ== , )]~1(~/~exp[)~1/(~
lRSfN TSTpV

ll
II −= −− ββ . Therefore: 

pV
TT

pV
mcrcr

kmk
I

k
Ilcr bRSnVRSbpnUNfpUV ββψ

~2/1~2/1 )/exp()~/()/exp())(~/()~/( 00
2
0

~/)~~1(~/1 === −−− , 
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pVH
TpVT

pVH
mpVcr

kmk
I

kk
IpVl bRSnpRSbnpNfpp ββββ βψββ

~2/~~2~
)/exp(~~)/exp()(~~~~

00
/2

0

~/)1~~(~/)~1( −−−−+ −=−== , 
2/1

00
2/1

0 )/~(/~ −− === bTbRURfUT TpVcrmTIcrpV βψβ ,  2/1
00

2/1
00

2/1
00 )~/( −−− === bUbRTbUU pVTcrm βψ , 

κµβµ ββββ /~)/exp()~/~( 22
0000

2
0

~2/~~2/~
−−− ′==−= rrbcbRSVRTnc g

pVH
c

pVH
TpVTgr , 

κβσµββ ββββ /)~1()~~()/)exp(~/~)(/~(/ 22
00000

~2/~~2/~
−−− ′+=+=−−= rrbcbRSSRVTnVG gpT

pVH
cc

pVH
TpVHT , 

where: )~1()~/~( 0000
2/1

000 pTpVHT USRTbGG βββ +=−== , 2/1
000 bUU = ; )/1(~/)(~

0 TpVpT RSUTSpV −=−= ββ , 

2/1
000 /~ TbRUT TpVcrm == βψ , pV

mcrcr pUV βψ
~/1

000 )/( −= , pVH
mcrpp ββψ

~~
/

000= ; == pVH
llc b ββµµ

~2~
/~~  

)/)exp(~/~( 00
2

00 TpVT RSVcRTn −= β  and pTcTpVcTTc cRScRSSRVTn βµβµσ ~~)/1(~~)/exp())(/~(~ 22
0000 =−=−−=  are 

mathematical expectations (when 1=b ) of mass density and the difference of densities of Gibbs free 
energy and gas mass correspondingly; 0U  and 0G  are multiplicative components of internal energy 
and Gibbs free energy correspondingly; 0mψ  is the parameter that connects internuclear and 
intranuclear characteristics of the gas; 22 −= cvb lc . 

Due to the relativistic invariance of thermodynamic parameters and characteristics of matter the 
equations of gravitational field for quasiequilibrium cooling down spherically symmetric gas 
cluster and in commoving with it FR can be expressed in GR in the following way: 

( ) pVH
c

pVH
TTT bbRSSRVTnVSTpRarabrb ββββ σκκκ

~2/~~2/~
~)/)exp()(/~()/()(/11/ 0000

2 −−− =−−=−=Λ+−−′ , 

g
pVH

c
pVH

TpVTgrT rrbcbRSVRTncRarraa ′==−==Λ−−+′ −−− − 22
0000

2
0

22
~2/~~2/~

~)/exp()~/~()()/11(/ ββββ µκβκκµ ,  
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∂

∂
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+−+− ββββ µκβµκχ)
, 

3/)(/13//)(1)(/1 22 Λ−=Λ−−= rrarrrrra bg ,  3/)(/13//)(1)( 22 Λ−=Λ−−= rrarrrrrb bg , 

where: ∫
+−++Λ−=−=

r

r

pVpVpVpV
llbg drrbbcrrarrr

0

22
0

2
0

~2/)~1(~2/)~1(~)3/1()/11()( ββββµκ  ( 0/1 0=a ) is the value of 

gravitational radius of matter that is covered by the sphere with radius 0rr≥ ; r0 is minimum possible 

value of Schwarzschild radial parameter; HpV
cgTcrmpV crrTRUb ββµκψβ

~/~2222222
0

2 )~/(~ −−−− ′== . 
According to this we will receive the differential equation of the second order for the 

gravitational radius of gas cluster that is cooling down in quasi-equilibrium: 

gpTggggHpV rrrrrrrrrr ′=Λ+−Λ−−−′′′− βββ ~3/2/)3//1)(2/)(~/~(2 22 , 

0)3//(]~2/~)3/2(2~2/~~[/ 3322 =Λ−−′Λ−+′−′+′′ − rrrrrrrrrrrr gpVHgggpVHpTgg βββββ . 
When there are new parameters this equation is transformed into differential equation of the 

first order: 
0~2/)~31()3/)(3/2(/)~2/~~1(// 233222 =+Λ−−Λ−′+−−′=′+−′ −−

pVpVgggpVpTH rrrrrrrruunruu ββϕβββϕϕψϕ , 

where:   )3/(/ 3rrrrru gg Λ−−′== ϕψϕ ,    )3/(/ 3rrrrr gg Λ−−′=ψ , 

])()/[(2)]/1(~)/1/[(2)~~~2/(~2 00 pVSTpVUSTpVpVURSRSn TpVTpTHpVpv −−+=−−+=−= βββββ , 

n
r

rrrr

r

rrrr

r

rrrr

rrr

rrrr

r
u

g

g

g

g

g

gg

g

g ϕψϕϕϕϕ
ϕψϕψ

2

33223

2

3 )3/()3/()3/(

)1(

)3/(
=

Λ−−

′′
+

Λ−−

′
−

Λ−−

Λ−′−′
−

Λ−−

′′
=′+′=′ , 

pVggpVg rrrrrrrnrnr ββψϕϕψψψ ~2/)3/)(3/2)(~31(/// 223322 −−Λ−−Λ−+′−=′−=′ . 

Since in the central zone of gas cluster ( 1≈ϕ , nr /2ψψ ≈′ ), we will determine the approximate 
solution of differential equation nr /~~ 2ψψ =′  exactly for this zone: 
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From here: )/()3/(2 2
0

242 ρ−Λ+−=′ rrrrrnr gg , zrr n
g /)( 2

0
2 ρ−= , where: )3/)(/(2 3

00000
2

0
2
0 rrrrrnr gg Λ−−′−=ρ , and 

the parameter z is determined from: )1(2
0

2422 ))(3/(2/)/1( +−− −Λ−=′=− nrrrnzzdrzd ρ . 
The obtained differential equation is the quantum equation of gravitational 

(gravithermodynamic) field since its solutions are the polynomial functions the degree indicators 
of which ( ∞= ...3,2/5,2,2/3n ) can take only integer or semi-integer values: 
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s, the quantum transition of cooling down matter into its new quasiequilibrium state is 
accompanied by the increment by one step of the indicators of degree of all components of 
polynomial equation of gravitational field: 

)]/1(~)/1/[(2)]/1(~)/1/[()]/1(~)/3[(1 )1()1()1()1()1( +++++ −−+=−−+−−+=+ nTnnpVnTnTnnpVnTnnTnnpVnTnn RSRSRSRSRSRSn βββ , 
where: )](/[)/( /1~21~~

)1( TnnpVnTnnpVnnpV RSRS −−−=+ βββ , )]( /1(~)/3/[()/1)(1~/ )1()1( TnnpVnTnnTnnpVnnTn RSRSRSRS −−+−−=++ ββ . 

So, in the cooled down to the limit state of matter ( 0=S ) the parameter 0/~ UpVpV =β  takes its 
minimal possible value that is equal to one. Therefore: 0UpV≥ . In case of small values of 
indicators of polynomial function the cooling down cluster of gas dumps its energy in big 
portions. However these portions of energy of radiation become less and less with each new taken 
geavithermodynamic state. Thus, the gas cluster can cool down for infinitely long time. The 
precise solution of this differential equation when 0/1 0=a  is as follows: 

n
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, 

where: rreff <  and 00 rr eff <  are effective values of radial distance that are significantly smaller than 
real values on the big distances from the center of gravity. It is possible that exactly this causes 
the effect of stronger gravitational field (than it is according to Newton’s theory) and, therefore, 
causes the false necessity of dark non-baryonic matter in the Universe. 

Conclusion 
The quantum equation of gravitational field have been found, the solutions of which set the 

spatial distribution of gravitational radius of matter in its every new gravithermodynamic state 
with the polynomial function with the next more high degree. The indicator of the degree of this 
function of continuously cooling down matter can successively take only integer and semi-integer 
values. That is why the process of cooling down of the whole GTD-bonded matter is the quantum 
process that is caused by its spontaneous transition to the polynomial function with more high 
value of degree and, therefore, to the next quantum collective state. 
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